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Abstract 

All rings are commutative with identity and all modules are unital.    
In this paper, we investigate submodules of Bézout modules. The 
results obtained are then used to give some properties of faithful 
Bézout modules. We also give several properties of multiplication 
Bézout modules. 

1. Introduction 

Let R be a commutative ring with identity and M be a unital R-module. 
An R-module M is called Bézout if every finitely generated submodule N of 
M is cyclic, see [1]. Definition of Bézout ring is obtained by viewing R as an 
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R-module, that is, a ring which is every finitely generated ideal I of R is 
principal. The properties of Bézout modules can be obtained by relating    
these modules to other modules. Hence the study of relationship between 
Bézout modules and other modules is needed. Some properties for Bézout 
modules can be found in [1-3] and for Bézout rings can be found in [5, 7,     
9-12, 15-17, 20]. 

For any submodule N of M, [ ]MN :  denotes the annihilator of ,NM  

that is, [ ] { }.: NrMRrMN ⊆|∈=  A proper submodule N of M is called 

prime if Nrm ∈  for some Rr ∈  and Mm ∈  implies that either ∈r  

[ ]MN :  or ,Nm ∈  see [14]. Equivalently, [ ] [ ]MNKN :: =  for every 

submodule ,MKN ⊆⊆  see [13, p. 765]. Equivalently, NIK ⊆  for some 

ideal I of R and submodule K of M implies that either [ ]MNI :⊆  or 

,NK ⊆  see [8]. 

An R-module M is called multiplication if for each submodule N of M 
there exists an ideal I of R such that .IMN =  Note that this is equivalent    
to [ ] ,: MMNN =  see [6]. It is clear that every cyclic R-module is a 

multiplication module, see [6, p. 175]. 

Let M be a multiplication R-module. It can be proved that a proper sub-
module N of M is prime if and only if the ideal [ ]MN :  of R is also prime. 

The detailed proof appears in [13]. It is also shown that if each prime 
submodule of M is finitely generated, then M is Noetherian. This was stated 
by Behboodi and Koohy [8, Corollary 3]. The same result could be found in 
Gaur et al. [14, Theorem 3.2]. 

An R-module M is called faithful if [ ] .0:0 =M  Let N be a submodule 

of a faithful multiplication R-module M. Smith [21, Prop. 13] has proved    
that ( ) [ ]( ) ( )MgMNgNg :≤  and [ ]( ) ( ) ( ).: MgNgMNg ≤  Here ( )Mg  

denotes the least positive integer n such that M can be generated by n 
elements if M is finitely generated and ∞ otherwise. An R-module M is      
called a cyclic submodule module (CSM) if every submodule of M is cyclic. 
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An integral domain D is called a principal ideal domain (PID) if every ideal 
I of D is principal. It is showed that a faithful multiplication module M over 
an integral domain D is a CSM if and only if D is a PID (see [1] for more 
details). 

In this paper, we investigate other properties of a Bézout module. Our 
interest in this investigation came as a result of our attempt to find a 
relationship between Bézout modules and other modules. 

In fact, Ali mentions that obviously a CSM is a Bézout module. Thus, 
every faithful multiplication module over a PID is a Bézout module (see [1]). 
Moreover, he also proved that a faithful multiplication module M over an 
integral domain R is a Bézout module if and only if R is a Bézout domain 
(see [1, Proposition 1.2]). 

However, generalizing Proposition 1.2 in [1] via extending integral 
domain to arbitrary ring gives that if M is a faithful Bézout R-module, then R 
is a Bézout ring (see Theorem 1) and if M is a faithful cyclic module over 
Bézout ring, then M is Bézout (see Theorem 2). The another result gives    
that if M is a multiplication Bézout R-module in which every prime 
submodule is finitely generated, then M is a CSM (see Proposition 2). These 
give a relationship between multiplication modules, faithful modules and 
Noetherian modules. Some relevant examples and counterexamples are 
indicated. 

2. Faithful Bézout Modules 

In this section, we investigate submodules of Bézout modules. The 
results obtained are then used to give some properties of faithful Bézout 
modules, which were stated in Theorem 1. 

As for prerequisites, the reader is expected to be familiar with the 
idealization of a module (see [3-5] and [19]). Using this concept, we will 
construct examples of Bézout modules. Here are definition of an idealization 
and required properties. Let M be an R-module. The direct sum 

( ){ }MmRrmrMR ∈∈|=⊕ ,,  
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with addition and multiplication operations, respectively, given by ( )11, mr  

( ) ( )212122 ,, mmrrmr ++=+  and ( ) ( ) ( )1221212211 ,,, mrmrrrmrmr +=  

is a commutative ring with identity. This ring is called an idealization of     
R-module, denoted by ( ) .MR +  It first was introduced by Nagata in [4]. 

Let I be an ideal of R and N be a submodule of M. It is obvious that     
not all subsets ( )NI +  of ( )MR +  are ideal. For example, consider Q  as a Z -

module. The subset ( )03 +Z  of the idealization ( )QZ +  is not an ideal. 

Let M be an R-module, I be an ideal of R and N be a submodule of M. In 
[5], Anderson and Winders stated that if ,NIM ⊆  then ( )NI +  is an ideal of 

( ) .MR +  An ideal H of ( )MR +  is called homogeneous if ( ) ,NIH +=  where     

I is an ideal of R and N is a submodule of M. In this case, ( ) =+ NI  

( ( ) )( ( ) ) ( )( )NIMINIMR += +++  gives that .NIM ⊆  Every ideal of ( )MR +  

of the form ( )NI +  is homogeneous. Let see the above-mentioned example. It 

easy to check that all nonzero ideal of ( )QZ +  have the form ( )QZ +n  for all 

Z∈n  and they are homogeneous. It follows that ( ) ,QZ +  where its ideal 

satisfying ( ) ( ) ( ),0,nn QZQZ ++ =  is Bézout. 

The following proposition, could be found in [3, Theorem 6], gives 
relationship between ring and module via idealization. 

Proposition 1. Let M be an R-module and ( )MR +  be an idealization of 

R-module M. If ( )MR +  is a Bézout ring, then R is a Bézout ring and M is a 

Bézout module. The converse is true if M is finitely generated and ( )MR +  is 

homogeneous. 

Proposition 1 is useful for constructing examples. Let us consider Q  as a 

Z -module. Since ( )QZ +  is Bézout, by Proposition 1, both Z  and Q  are 

Bézout. 
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After constructing an example of Bézout module, we need to consider 
the following trivial lemma. This lemma will be used to prove Theorem 1. 
Let us now start the investigation for giving other properties of Bézout 
modules. 

Lemma 1. Every submodule of a Bézout R-module is Bézout. 

For example, view the set of rational numbers Q  as a Z -module. Every 
sub-module of Q  as a Z -module is Bézout. 

Let M be an R-module and N be a submodule of M. If N is a Bézout sub-

module of M, then M needs not Bézout. Consider F is a field and .2FM =  

It is clear that M is a two dimensional vector space. It is easy to check that     
F as a submodule of M is Bézout. But M is not Bézout, see [18] for more 
details. 

Theorem 1. Let M be a faithful R-module. If M is a Bézout module, then 
R is a Bézout ring. 

Proof. Suppose M is a Bézout faithful R-module. Set MRm →θ :  for 

some Mm ∈  given by rmr  for each .Rr ∈  It is easy to check that the 
map mθ  is an R-homomorphism. Since [ ] ,0:0 =M  we have ( ) =θmKer  

( ){ } { } .000 ==|∈==θ|∈ rmRrrRr m  This gives that the map mθ  is a 

monomorphism and hence ( ).~0~ RRR mθ==  

Since ( )RR mθ=~  and ( ) ,MRm ⊆θ  by Lemma 1, R as an R-module is 

Bézout. This means that R is a Bézout ring, which completes the proof.  

Let us consider Q  as a Z -module. The module Q  is a faithful module. 
According to the above example, Z -module Q  is a Bézout module. By 
using Theorem 1, Z  is a Bézout ring. Conversely, view direct sum ZZ ⊕  

as a Z -module. It is obvious that ZZ ⊕  is a faithful module and Z  is a 

Bézout ring. But, ZZ ⊕  is not a Bézout module. Another example is a two 

dimensional vector space M over a field F, that is, .2FM =  It is known that 
the faithful module M is not Bézout even though the field F is Bézout. 
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Let M be an R-module and .0 Mv ∈≠  Element v is called torsion if 
0=rv  for some nonzero .Rr ∈  An R-module M is called torsion free if 

have no nonzero torsion element. It is clear that every torsion free module is 
faithful. 

Corollary 1. Let M be a torsion free R-module. If M is a Bézout module, 
then R is a Bézout ring. 

Proof. Suppose M is a Bézout torsion free R-module. According to the 
above remark, indeed M is also a faithful module. It follows that M is faithful 

Bézout, by Theorem 1, implies R is Bézout. This is the desired conclusion.  

3. Multiplication Bézout Modules 

In this section, we give several properties of multiplication Bézout 
modules. It is known that every cyclic module is multiplication. Therefore, 
we will first investigate a relationship between cyclic modules and Bézout 
modules. 

Consider Q  as a Z -module. It is known that Q  is a Bézout module but 
not finitely generated over .Z  Thus, not all Bézout modules are cyclic. 

Lemma 2. (i) Every finitely generated Bézout module is cyclic. 

(ii) Every Noetherian Bézout module is a CSM. 

Proof. (i) This statement is trivial. (ii) Suppose M is a Noetherian Bézout 
module. Let N be a submodule of M. Indeed, the submodule N of M is 
finitely generated and hence cyclic by the definition of Bézout module. It 

follows that M is a CSM, which proves the lemma.  

We now apply Lemma 2 to obtain the proposition below. 

Proposition 2. If M is a multiplication Bézout R-module in which every 
prime submodule is finitely generated, then M is a CSM. 

Proof. Suppose M is a multiplication Bézout R-module in which       
every prime submodule is finitely generated. By [14, Theorem 3.2], M is a 
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Noetherian module. By using Lemma 2(ii), it follows that M is a CSM. This 

is the desired conclusion.  

Proposition 2 tells us about a Bézout module which is cyclic. Note that 
not all cyclic modules are Bézout. Consider the following example. View 
[ ]xZ  as a [ ]xZ -module. Thus, ideal x,2  of [ ]xZ  as a submodule is not 

cyclic. It follows that [ ]xZ  is cyclic but not Bézout. Meanwhile, every CSM 

is a Bézout module. 

Theorem 2. Let R be a Bézout ring and M be a cyclic R-module. Then 
the module M is Bézout if it is faithful. 

Proof. Suppose R is a Bézout ring and M is a cyclic faithful R-module. 
This is clear that M is finitely generated multiplication faithful module. 

Now, let N be a finitely generated submodule of M. It gives the ideal 
[ ]MN :  is also finitely generated by [21, Prop. 13], since M is finitely 

generated faithful multiplication and [ ] .: MMNN =  Moreover, since R is 

Bézout, the ideal [ ]MN :  is principal. The submodule N could be written as 

RamRaRmN ==  for some Ra ∈  and .Mm ∈  Therefore, N is cyclic and 

it gives M is a Bézout module.  

Consequence of Theorem 1 and Theorem 2, which is stated in Corollary 
2, is an extension of Proposition 1.2 in [1]. 

Corollary 2. Let M be a faithful cyclic R-module. Then the ring R is 
Bézout if and only if the module M is Bézout. 

For example, consider Zn  as a Z -module. It yields Zn  is a cyclic 
faithful module. Since Z  is Bézout, by Corollary 2, Zn  is also Bézout. 

Let ( )niMi ≤≤1  be a finite collection of cyclic R-modules and =M  

.1 nMM ⊕⊕  El-Bast and Smith [13, Corollary 2.4] have proved that M is 

a multiplication module if and only if M is cyclic. Theorem 1 and Theorem 2 
together with [13, Corollary 2.4] give the following corollary. 
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Corollary 3. Let M be a faithful multiplication R-module and =M  

nMMM ⊕⊕⊕ 21  with ( )niMi ≤≤1  is a finite collection of cyclic     

R-modules. Then the ring R is Bézout if and only if the module M is Bézout. 

Proof. Suppose R is a Bézout ring, M is a faithful multiplication            
R-module and nMMMM ⊕⊕⊕= 21  with ( )niMi ≤≤1  is a finite 

collection of cyclic R-modules. By [13, Corollary 2.4] and Theorem 2, M     
is a Bézout module. Conversely, suppose M is a faithful Bézout R-module. 

Applying Theorem 1 yields R is a Bézout ring.  

Let R be a commutative ring with identity and M be a multiplication       
R-module with only finitely many maximal submodules. Then M is cyclic 
[13, Theorem 2.8]. Next, corollary is given by Theorem 2 together with    
[13, Theorem 2.8] as follows. 

Corollary 4. Let M be a faithful multiplication R-module with only 
finitely many maximal submodules. Then the ring R is Bézout if and only if 
the module M is Bézout. 

Proof. Suppose R is a Bézout ring and M is a faithful multiplication      
R-module with only finitely many maximal submodules. By [13, Theorem 
2.8] and Theorem 2, M is a Bézout module. The converse runs as on the 

proof of Corollary 3.  

Every Artinian multiplication module is cyclic [13, Corollary 2.9].                         
Here is the last corollary which is given by Theorem 2 together with         
[13, Corollary 2.9] as follows. 

Corollary 5. Let M be an Artinian faithful multiplication R-module. 
Then the ring R is Bézout if and only if the module M is Bézout. 

Proof. Suppose R is a Bézout ring and M is an Artinian faithful 
multiplication R-module. By [13, Corollary 2.9] and Theorem 2, M is a 

Bézout module. The converse runs as on the proof of Corollary 3.  
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